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Abstract. We prove some fundamental structural results for spherical varieties in 
arbitrary characteristic. In particular, we study Luna's two types of localization and 
use it to analyze spherical roots, colors and their interrelation. At the end, we propose 
a preliminary definition of a p-spherical system. 



1. Introduction 



O I Let G be a connected reductive group defined over an algebraically closed ground field k of 
arbitrary characteristic p. A normal G-variety X is called spherical if a Borel subgroup B 



of G has an open orbit in X. In characteristic 0, there exists by now an extensive body of 
research on spherical varieties culminating in a complete classification (Luna-Vust [LV83], 
Luna [LunOl], Losev [Los09], Cupit-Foutou [CF09], and Bravi-Pezzini [BP 11]). 



H 

■ In positive characteristic, much less work has been done. Most papers dealing with 
spherical varieties in positive characteristic are restricted to particular examples (like 
fiag or symmetric varieties) or other special classes of spherical varieties (like varieties 
' obtained by reduction mod p). 

The present paper is part of a program to develop a general theory of spherical varieties 
^ I in arbitrary characteristic, leading possibly to a classification, as well. In this sense, the 
old paper [Kno91] on a characteristic free approach to spherical embeddings is already 
part of the program. 



A crucial portion of Luna's theory of spherical varieties depends on Akhiezer's list, 
[Akh83], of spherical varieties of rank 1. In the present paper we present the results 
which are independent of that list. On the other hand, in the companion paper [Knol3] 
we compile the list in arbitrary characteristic and present results whose proofs depend 
! (so far) on it. 

More precisely, in the present paper we recover most results of Luna's paper [Lun97] on 
the "big cell". We start with generalizing Luna's fundamental relations for the colors 
of a spherical variety. At this point, we introduce additional data needed to describe a 
spherical variety in positive characteristic. These are certain p-powers qD,a where a is a 
simple root and D is a color "moved by a" . Our exposition of this part is different (and 
we think simpler) than Luna's and seems to be new even in characteristic zero. 

Next, we define the notion of spherical roots as properly normalized normal vectors to 
the valuation cone. Luna's method of viewing them as weights attached to a wonderful 
variety does not generalize. 

Next, we consider Luna's construction from [Lun97] which is called localization at S. Ba- 
sically, it consists in analyzing the open Bialynicki-Birula cell with respect to a dominant 
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1-parameter subgroup of G. Our results are more general than Luna's, even in character- 
istic zero, since Luna's restricts his attention to wonderful varieties while we formulate 
everything for so-called toroidal varieties. From this, we derive Luna's important result 
that the colors are, to a large extent, already determined by the spherical roots. 

Then we consider a construction which is called localization at S. This procedure amount 
to analyzing G-orbits of a toroidal variety. Since this technique is mostly classical only 
the proof for the behavior of type-(a)-colors is new. Unfortunately, our results remain 
somewhat incomplete since it is unknown whether orbit closures in toroidal spherical 
embeddings are normal or not. 

We use localization at S to prove an important non-positivity result. As opposed to 
Luna's proof who uses Wasserman's tables of rank-2-varieties [Was96] our proof is con- 
ceptual. 

In the final section 7 we are making an attempt to generalize Luna's notion of a spherical 
system to positive characteristic. This is a combinatorial structure describing the roots 
and the colors of a spherical variety. As additional data we propose the p-powers qa^r, 
mentioned above and we hope that, at least for p 7^ 2, 3, these data are enough to describe 
a spherical variety. As for the axioms, we restrict ourselves to those which immediately 
generalize axioms in characteristic zero. So additional axioms will have to be added on 
at a later stage. 

Acknowledgment: I would like to thank Guido Pezzini for many discussions on the 
matter of this paper. In particular, the main idea in the proof of Proposition 6.5 is due 
to him. 

Notation: In the entire paper, the ground field k is algebraically closed. Its characteristic 
exponent is denoted by p, i.e., p = 1 if char /c = and p = char k, otherwise. The group 
G is connected reductive, B C G a Borel subgroup, and T C B a. maximal torus. Let 
S(T) = 2(5) be its character group. The set of simple roots with respect to B is denoted 
by 5 C S(T). 

A rational function / on X is 5-semiinvariant if there is a character Xf ^ '^{B) = X{T) 
such that f{b~^x) = Xf{b)f{x) for all b ^ B and generic x G X. If X is spherical, 
the character Xf determines / up to a non-zero scalar. Let S(X) C S(T) be the set of 
characters of the form Xf- It is a finitely generated abelian group whose rank is called the 
rank of X. We also use Hq(X) := S(X) ® Q and Sp(X) := S(X) ® Zp with Zp := Z[i]. 

2. Colors 

Many properties of a spherical variety are determined by two sets of data and their in- 
terrelation: colors and valuations. We start with colors. Our results generalize those of 
[Lun97] in characteristic zero but the approach is different. We do not use compactifica- 
tions but use the completeness of flag varieties instead. 

Let X be a spherical G- variety with group of characters S(X) and let Nq{X) = Hom(S(X), Q). 
A color of X is an irreducible divisor which is B- but not G-invariant. Every color D 
produces an element 6d G Nq{X) by 



(2.1) 5z)(x/) := VdU) 
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for all S-semiinvariants /. Here vc is the valuation of k{X) attached to D. The color D 
is, in general, not uniquely determined hj 6d- 

Let A(X) be the set of colors of X. Since every color intersects the open G-orbit Xq = Gxq 
we have A(X) = A(Xo) = A{G/H) where H = Gxq is the isotropy subgroup scheme of 
Xo- We start by recalling a well-known formula for the number of colors. 

2.1. Proposition. Let G be a semisimple group and H (1 G a spherical subgroup. Then 

(2.2) #A(G/i7) = ikG/H + TkE{H). 

Proof. We compute the Picard group in two different ways. Set X = G/H. First, we 
have an exact sequence 

(2.3) S(G) ^ Pic^ X ^ Pic X. 

The left hand group is trivial since G is semisimple. The cokernel of the right hand 
homomorphism is torsion by Sumihiro [Sum74]. On the other hand Pic*^X = S(if). 
Thus rkPicX = rkS(if). Now let Xq = Bxq C X be the open i?-orbit. Then the colors 
are the components of X \ Xq. Thus we have 

(2.4) A;^ = 0{XY 0{XqY ^ ^ PicX -> PicXo = 

where a = #A(X). By definition rkC(Xo) V^"" = rkX. Thus rkPicX = a - rkX. □ 

Given a simple root a & S, one can construct colors as follows: let Pq, C G be the 
minimal parabolic subgroup corresponding to a. Then PaXQ is an open i?-stable subset 
of X which, according to [Kno95a, 3.2], decomposes into at most three 5-orbits. One 
of them is the open 5-orbit Bxq] the others are of codimension 1 in X, hence their 
closures are colors. We say that these colors are moved by a. Clearly, this just means 
that PaD 7^ -D. In particular, every color is moved by some (not necessarily unique) 
simple root. 

A more precise description is as follows. Let Ha := {Pa)xo = H n Pa such that PaXo = 
Pal Ha- Then the 5-orbits in P^Xo correspond to if^'^'^-orbits in B\Pa = P^. Let Ha 
denote the image of H'^a'^ in AutP^ = PGL(2). Then, up to conjugation, there are four 
possibilities for H^- 



(2.5) 



Type of a 


Ha 


colors 


(P) 


Go 




(&) 


SoUo 


D 


(a) 


To 


D,D' 


(2a) 


No 


D 



Here Go = PGL(2). The subgroups Bq, Uo, and Tq of Go are Borel subgroup, a maximal 
unipotent subgroup, and a maximal torus, respectively. Moreover, 5*0 C Tq and No = 
^GoiTo)- Thus, the set of simple roots decomposes as a disjoint union according to their 
type: 

(2.6) S = ^(P) U S^^^ U S^'^) U 5(2'^) . 

Observe that a E S'^^^ if and only if the open P-orbit Bxq is Pc-invariant. Thus, S^^^ is 
the set of simple roots of the parabolic Px, the stabilizer of the open P-orbit. 

Let P be a color moved by a. Then the morphism 

(2.7) ^D,a ■■ Pa y<'' D X 
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is gencrically finite. Its separable degree is 1, i.e., ^pD,a is bijective if and only if a is of 
type (6) or (a). It is 2 for a of type (2a). The inseparable degree of ipD,a will be denoted 
by (lD,a G P^- To formulate the following permanence property we renormalize 5/) as 
follows: 

(2.8) := qD,jD. 

2.2. Lemma. Let : Xi ^ Xq he a finite equivariant morphism between spherical G- 
varieties, let E he a color of Xi and let D — Tr{E) be its image in Xq. Let, moreover, 
a E S be a simple root moving E (and D). Then = 5^^\ 



Proof. We consider first the case that a is of type (a) or (b) for Xq. Then its type for Xi 
is the same. Moreover, both (fiD,a ^-nd (pE,a ^-re bijective and, as an equality of divisors, 
7r~^{D) — qE where q is some p-power. Thus, 5e — qSo- Now consider the diagram 

Pa x^7r-\D)^X, 

(2.9) i I 
P^x^D^Xo 

It is cartesian, hence both horizontal arrows have the same (inseparable) degree, namely 
qD,a- On the other hand, the top arrow has degree qqE,a- Hence 

(2.10) = qD,a^D = qqE,aSD = qE,aSE = 

Now assume that a is of type (2a) for Xq. Then there are two cases. If 7T~^{Dy'^'^ is 
irreducible then a is of type (2a) for Xq, as well. Moreover, the degree of both horizontal 
arrows is now 2qD,a- From here one argues as above. 

The second case is when a of type (a) for Xq. Then ti'^^DY'^'^ = Ei Li E2 has two 
components. As divisors, we have 7r~^(D) = qiEi U q2E2. Thus Se^ — qiSo and Se2 — 
q2SD- Moreover, as above, we get 

(2.11) = 2qD,jD = qiqE,,jD + q2qE2,aSD = s'e^ + 

Now we claim that actually 6^^^ = which would prove our assertion. 

To prove the claim, we may assume that Xq = G/Hq and Xi = G/Hi are homogeneous. 
Moreover, the cases proved above beforehand allow to replace Hq and Hi by Hq'^'^ and 
Hl^^, respectively. We can even replace Hi be its connected component of unity since E 
can split any further. Then Hi is normal in Hq and tt is the quotient by the finite group 
r := Hq/Hi. Since F acts transitively on the connected components of the fibers of vr, 
there is an element g which maps Ei to E2 which proves the claim. □ 



For any simple root a let a'^ e Niq{X) be the restriction of to 5q(X), i.e., 
(2.12) a'\x) = {x,a'') for all x e Sq(X) 



2.3. Proposition. Fix a simple root a G S. Then the following relations hold: 
Type of a 

6^ = 
= 

Proof. Let X = G/H be homogeneous. Then using Lemma 2.2 we may replace H by 
^o,red Tj^^g -yyg ]2iay assume that H is connected and reduced. Then consider the 
following diagram 

G 

(2.14) 'y x 

X = G/H B\G =: T 

Both morphisms pi and j92 are smooth with connected fibers. Therefore, an irreducible in- 
stable divisors D G X corresponds to an irreducible ii-stable divisor E G J-'. Moreover, 
any 5-semiinvariant rational function / on X corresponds to an ii-invariant rational 
section s of the homogeneous line bundle (with x = Xf) on T . Furthermore, (D, /) 
is related to [E, s) by 

(2.15) VE[,S)=VD{f) = ^D{X)- 

Now consider the P^-fibration vr : J-" = B\G — )■ '■= Pa\G. Moreover, let y E T be in 
the open if -orbit and let i^ = P^ be the fiber through y. 

Assume first that a G S^''\ Then E is the only ii- invariant divisor mapping dominantly 
onto J^a- Moreover, since EdF consists of a single point, the map E — )■ J-'^ is generically 
bijective, hence purely inseparable. Its degree is qD,a- Thus we get 

(2.16) = degC^lF = (s) ■ F = ve{s)E ■ F = qn^Jnix) = 4"Hx) 
proving the assertion. 

If a G S*^"-* then there are two divisors E, E' mapping generically injectively to J^^ with 
degree g^.a and qo'^a^ respectively. Then 

(2.17) (x, a") = {s)-F= {ve{s)E + ve'{s)E') ■ F = qD^Jni^x) + qD'^Jo'^x)- 

Now we prove a G Sp(X). By construction, there is an equivariant morphism P^Xo 
PGL(2)/ii with H = Tq. Thus the pull-back of any non-constant i?o-semiinvariant is a 
i?-semiinvariant with character qoa for some p-power go- The iia-hnearization of Cq^alp 
factors through a PGL(2)-linearization. One reason is, e.g., that C-a is the relative 
canonical bundle of the fibration vr. This implies that s\e has two zeroes of the same 
multiplicity on F. Hence 6^^\a) = 6^^) {a) and therefore both are equal to 1. 

Finally, assume that a G S^'^°'\ Then there is one divisor E mapping generically 2 : 1 to 
J-'a.The degree of inseparability of this map is qD,a- Then E ■ F = 2qD,a and therefore 

(2.18) = {s)-F = ve{s)E ■ F = 2qD,jD{x) = '2S^d\x), 

as claimed. □ 
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(2.13) 



(a) 



(2a) 



We note the following consequence: 

2.4. Corollary. Let p 2 and let a ^ S be of type (2a). Then a ^ Sp(X) and {x, a^) 
is even for all x ^ '='(^)- 

Proof. We keep the notation of the proof of Proposition 2.3. Let Nq = {sq)To and 
let ri G Z with na G 5(X). Then sq acts on the To-invariant section of Cq^alp by 
multiplication with (—1)". Hence n is even and a ^ Sp(X). The rest follows directly 
from Proposition 2.3. □ 

Now we analyze the case where a color is moved by more than one simple root. 

2.5. Lemma. Let D be a color which is moved by two distinct simple roots ai and a^- 
Then either ai, a2 G or «!, a2 G S^"^ . In the latter case let D' and D" be the second 
color moved by ai and a2, respectively. Then D' ^ D" . 

Proof. Clearly, neither ai nor a2 is of type (p). Recall from [Kno95a, §2], that any 
5-orbit on X has a rank attached to it. Moreover, if a G 5 moves the color D then 
rank D = rank X if a is of type (6) and rank D = rank X — 1 in case a is of type (a) or 
(2a) ([Kno95a, §2 and Lemma 3.2]). This entails that ai, a2 are either both of type (b) 
or both of type (a) or (2a). 

Suppose they are both of type (2a). Then, since ai G Sq(X), 

(2.19) < q^]^^ = q'^]^^ \a[{a,) = 6n{a,) = q^]^^ ia^(ai) < 0. 
Similarly, suppose ai is of type (a) and a2 is of type (2a). Then 

(2.20) < q^]^^ = 5^(«i) = qn]o.,HM < 
This finishes the proof of the first part. 

Now let both ai and a2 be of type (a) and suppose D' = D" . Then 

(2.21) < ^ + = qD,a,5D{a,) + qD',aMc^l) = «2(«l) < 0. 

□ 

Examples. 1. Let G = SL(2) x SL(2) and H = SL(2) embedded into G via id xF^ 
where Fq is a Frobenius morphism. Then X := G/H has only one color D. Moreover 
both simple roots ai, a2 are of type (6) and D is moved by both of them. Furthermore, 
QD,ai = 1 and qD,a2 = 1 which shows that g/j „ may depend on a. 

2. Let G = SL(3), let g be a p-power, and let H be the subgroup consisting of the 
matrices 

X y 

(2.22) I I- I 1 xU with t G G„ and a;, ?/ G G« 




Then both simple roots are of type (a) and there are three colors Dq, Di, D2 where ai 
moves Dq and Z)j. Furthermore, qDi,ai = QDo,a2 = 102,02 = 1 while qDo,ai = Q- The values 
Sni^ai) are given by the following table: 









Sd2 


(2.23) 


ai 




1 -1-g-i 




0!2 


1 


-q-1 1 



So indeed g^^o + ^Di = «i and + = oi^ 

Both examples show that G contains for p > 2 infinitely many conjugacy classes of self- 
normalizing spherical subgroups, a phenomenon which does not occur in characteristic 
zero. 

Remark. The Lemma shows in particular, that one can assign unambiguously a type to 
any color. Thereby, one gets a decomposition 

(2.24) A(X) = A('')(X) U A(")(X) U A^^^\X). 
3. Spherical roots 

For a spherical variety X, let V(X) be the set of G-invariant Q-valued valuations of the 
field k{X). The map 

(3.1) V(X) Nq{X) = Hom(S(X), Q) v ^ {xf ^ v{f)) 

is injective ([Kno91, 1.8]) and identifies V{X) is identified with a a finitely generated 
convex rational cone inside Nq{X) ([Kno91, 5.3]). Moreover, it contains the image of the 
antidominant Weyl chamber under the projection Hom(S(T), Q) -» Nq{X). This can be 
a phrased in terms of the dual cone: there is a finitely generated rational convex cone C 
of Eq{X) such that V(X) = — C^. Moreover, C is contained in Q>o5', the convex cone 
generated by the simple roots. 

3.1. Definition. A spherical root of X is an element a G Hq(X) which generates an 
extremal ray of C and which is normalized in such a way that it is a primitive element of 
ZS n Ep{X). The set of spherical roots is denoted by S(X). 

Clearly, each extremal ray of C contains a unique spherical root. Moreover, the spherical 
roots determine the valuation cone via 

(3.2) V(X) = {ve Nq{X) I a{v) < for all a G S(X)}, 
and are in bijection with faces of codimension 1 of V(X). 

The normalization for a spherical root is chosen such that the following statement holds: 

3.2. Lemma. Let ip : Xi X2 he a morphism of spherical varieties which is either purely 
inseparable or a quotient by a central subgroup scheme of G. Then S(Xi) = S(X2). 

Proof. If ip is purely inseparable then clearly V(Xi) = V(X2) and Sp(Xi) = Sp(X2). 
Hence S(Xi) = ^(Xs). 

Now let (fi be the quotient by A C Z{G) (which might be positive dimensional). Then 

(3.3) Sp(X2) = {xe Sp(Xi) I x\a = 1}. 
Since roots of G are trivial on A, this implies 

(3.4) Z5nSp(X2) =Z5nHp(Xi). 

Moreover, Xq(X2) is a quotient of Xq(Xi) and V(Xi) is the preimage of V(X2) (follows, 
e.g., from [Kno91, Thm. 6.1]). This implies S(X2) = S(Xi). □ 
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4. Localization at 5" 



There are two types of constructions, called localization at S and at S, respectively, 
which both allow to reduce a spherical variety to a simpler one. In this section we 
describe localization at 5* which, in characteristic zero, was first introduced by Luna in 
[Lun97]. To this end, we first recall and prove some properties of the Bialynicki-Birula 
decomposition, [BB76], of a Gm- variety. 

Let X be a complete normal Gm-variety. Then for any x G X, the limit 

(4.1) tt(x) := limt ■ x e X 

exists and is a G^-fixed point. Thus, letting F to be the set of connected components of 
the fixed point set X*^™ we get a set-partition of X by putting 

(4.2) X^ := {a; G X I n{x) G Z}. 

These are the Bialynicki-Birula cells which are indexed by F. Except when X is smooth 
or projective they are, in general, not very well behaved. One cell is always good, though: 

4.1. Proposition. Let X be a complete normal Gm-variety. Then there is a unique 
connected component S of X^^ (the source of Xj such that Xs is open. Moreover, the 
map TTs '■= TTs '■ S is affine and a categorical quotient by G^- In particular, the 
source S is irreducible and normal. 

Proof. The statement is well-known. For example, it follows from the theory in [BBS82]: 
Let 5* be the source, i.e., the connected component of X*^™ such that 7t{x) G S for x E X 
generic. By [BBS82, Prop. 2.3], the set = {S} defines a sectional set. Now the 
assertion is [BBS82, Thm. 1.5]. □ 

4.2. Lemma. Let X be as above. Then the general fibers of tts are irreducible and 
generically reduced. 

Proof. Since X5 is normal, the generic fiber of ns is geometrically unibranch ([EGA4, 
6.15.6]). Since all irreducible components contain the G^-fixed point, it follows that the 
generic fiber is geometrically irreducible. Thus, there is an open subset of S over which 
all fibers are geometrically irreducible, as well ([Jou83, Thm. 4.10]). 

The second property follows from the fact that vr^ is a categorical quotient. This entails 
that k{S) is separable inside k{Xs)- Therefore, ns is smooth generically on X5. □ 

There is a second well-behaved cell. For this, let X~ := X but with the opposite G^- 
action: t*x := t~^ -x. Then the source T of X~ is called the sink of X. It is characterized 
by the fact that 7r(x) G T implies x G T. Thus, T = Xt is a Bialynicki-Birula cell by 
itself. Symmetrically, S is the sink of X~ and therefore X^ = S. 

Now assume that X is a G-variety for some connected reductive group G and that the 
Gm-action is induced by a 1-parameter subgroup A : Gm — ?■ G. Then we put X'^ := S 
and Xx := X^ and vr^ = vr^. 

Let := Gci^iGm)) be the fixed point set under the conjugation action and let 

(4.3) Gx:={geG \ ndg) := limA(t)^A(t)~^ exists}. 
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Then G\ is a parabolic subgroup with Levi complement and the map tiq '■ G\ — t- G'*' 
is the natural homomorphism with kernel C^, the unipotent radical of G\. The following 
lemma is well-known, e.g., the proof given [Lun97] carries over verbatim to positive 
characteristic. 

4.3. Lemma. The open cell Xx is Gx-invariant and ttx '■ Xx — )■ X^ is Gx-equivariant 
where Gx acts on X^ via ttq Gx ^ G^ , i.e., rrxigx) = 7!'c{g)TT\{x) for all g E Gx and 
X G Xx. Moreover, X^ consists of fixed points for the opposite unipotent radical ^G^. 

The next lemma provides a link between closed orbits in X and closed orbits in X^: 

4.4. Lemma. Let X he a complete normal G-variety and let Z C X^ be a closed G^-orbit. 
Then GZ (1 X is a closed G-orbit with GZ fl X^ = Z . 

Proof. Since Z is complete and homogeneous, it contains a unique fixed point z for ~B^, 
the Borel subgroup opposite to B^. Since z is in the source, it is a ~G^-fixed point. 
So z is fixed by ~B = ^B'^ G'^ which implies that Gz = GZ is a complete, hence 
closed G-orbit of X. Moreover, since A is dominant, we have z G (GZ)^ and therefore 
GZnX^ = {Gzy = G^z = Z. □ 

Recall that a complete spherical G-variety X is called toroidal if no color of X contains 
a G-orbit. 

4.5. Proposition. Let X be a dominant 1-parameter subgroup and let X be a complete 
toroidal spherical variety. Then X'^ is a complete toroidal spherical G^ -variety. 

Proof. This is basically [Lun97, Prop. 1.4]. We recall the proof and check that it is 
characteristic free. 

First of all, completeness of X'^ is clear while irreducibility and normality were stated in 
Proposition 4.1. Moreover, the dominance of A implies B (1 Gx- Hence the open i?-orbit 
of X is contained in Xx- Its image in X^ is an open i?'^-orbit. Thus, X^ is spherical, as 
well. 

Now let D C X^ be a color containing the closed G^-orbit Z. Then 7i^^{D) contains a 
unique component E' which maps onto D (by Lemma 4.2 and the fact that D meets the 
open G'*'-orbit). Then E, its closure in X, is a color which contains Z. Since GZ is a 
closed G-orbit by Lemma 4.4 we have GZ = BZ and therefore GZ C E. It follows that 
E is G-invariant since X is toroidal. From this we get that D = 7ix{E) is G'*'-invariant in 
contradiction to D being a color. □ 

A toroidal spherical variety X determines a (pointed) fan J-" = .F{X) in Nq{X) whose 
support is V{X). More precisely, for any G-orbit F C X the invariant valuations whose 
center in X contain Y form a cone Cy ^ V{X). Then J-" is the collection of cones of the 
form Cy- 

The fan J-' is precisely the piece of information needed to reconstruct X from its open 
orbit Xq. In fact, X is the compactification of Xq corresponding to the colored fan (J-", 0). 
See [Kno91] for more details. 

Let A be a dominant 1-parameter subgroup and let X be a complete toroidal spherical 
variety with associated fan J-". Then A induces, via restriction to Sq(X), an element 
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A'' G Nq{X). The dominance of A implies — A^ G V(X). Thus we can consider the fan 

(4.4) := {C + Q>oA I -A"^ G C G -F} 

One may think of J-''*' as the restriction of J-" to a neighborhood of — A*". Visibly, this fan 
is not pointed since all its members contain the line QA^. More precisely, let C(A) be 
the unique cone in J-" such that —A'' is contained in its relative interior. Then L{X) := 
(C(A))q = C(A) + Q>oA'" is the unique element of which is a subspace. Thus, 

(4.5) J^^ := {C/L(A) I C G J^^}. 

is a pointed fan which lives in the vector space Nq{X) / L{X) and is called the localization 
of J-' at A. 

4.6. Theorem. Let A and X as in Proposition 4.5. Then S(X^) = E{X) n L{X)^ , 
ArQ(X^) = Nq{X)/L{\), and J^{X^) = J^{X)\ 

Proof. Let z be an arbitrary ~i?-fixed point in X. Then z corresponds to the complete 
orbit Gz and therefore to a cone Cgz of maximal dimension in J-'(X). Let P be the par- 
abolic which is opposite to the reduced stabilizer G'^^'^. Then the local structure theorem 
[Kno93, 1.2] asserts the existence of a normal affine T-variety A and a T-equivariant 
morphism (fo:A^X such that the morphism 

(4.6) : Pu X A -> X : {u, a) MV^o(ct) 

is finite onto an open neighborhood of z in X. Moreover, the torus T has an open orbit 
A in A such that Sq(A) = H(q(X). The embedding A ^ A corresponds to the cone Cqz- 
In particular, A contains a unique T-fixed point, denoted by 0, such that fo{0) = z. 

From this we see that z lies in the source of A on X if and only if A has a source in Pu x A. 
This is automatically the case for P^ since A is dominant and acts by conjugation. The 
fixed point set is P^ = P„ fl G^. On the other hand, we have 

(4.7) /,(A(t)a)=r^^W/,(a). 

For the limit t — > to exist for all a G A it is necessary and sufficient that — A'"(x) > 
for all X ^ '^q{^) with G 0{A). This condition boils down to — A** G Cqz- In that case, 
one readily checks that the fixed point set A'*' is the closure of the orbit corresponding to 
the face C(A) of Cqz- The restricted morphism 

(4.8) ifi^ : P^ xA^^X^ 

describes the local structure of X^ in a neighborhood of z. 

From this we already infer that 'Bq(X'^) = 'Bq(a'^) = L(A)^. We claim that 'B(X^) = 
Eq{X^) n S(X) which then proves the assertion S(X'^) = S(X) fl ^^(A)-'-. In fact, only 
"D" is an issue. To prove it let x ^ '='|q(-^'^) l~l '^{^)- Then there are n G Z>o and 
rational semiinvariants on X and on X'^ such that f^ = 'n'xfnx- L^t V C X'^ be 
the open subset on which is regular. Then the normality of X implies that is 
regular on 7r^'^{V). Since f^ is also A-invariant we conclude that f^ pushes down to a 
rational function on X'^ which shows x ^ as claimed. The equality Nq{X^) = 

Nq{X) / L{\) follows immediately. 

Finally, we compute the fan J-'(X'^). Clearly, it suffices to determine its cones C of 
maximal dimension corresponding to closed orbits. Lemma 4.4 and the discussion above 
show that the closed G'^-orbits in X'^ correspond precisely to those closed G-orbits Gz 
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in X such that —A'' G Cqz- In that case it is easy to check that the toroidal embedding 

^ A corresponds to the cone {Cqz + Q>o^)/-^(-^)- But these are precisely the cones 
of maximal dimension in J-"^ which shows J-'(X^) = J-'(X)'*'. □ 

4.7. Corollary. Let A and X he as above. Then 

(4.9) S(X^) = S(X) nL(A)^ = n A^. 



Proof. The valuation cone V(X^) equals the support of J-'(X)^. Its codimension-1- 
faces are, by construction, the codimension-l-faces of V(X) which contain C(A). From 
Sp(X^) = n L(A)^ we get S(X^) = S(X) n L(A)^. The second equality follows 

from the fact that (a, V(X)) > for all a e S(X). Hence (a,L(A)) = if and only if 
(a, C(A)) = if and only if (a. A) = 0. □ 

4.8. Proposition. Let A and X be as above. Then GX'^ = Yq where Yq C X is the 
G-orbit with Cyq = C{X). Moreover, for any G-orbit Y C X holds 

(4.10) C{X)CCy ^ X^r\Y^0 

(4.11) C{X)DCy ^ X^cY 



Proof. First note that X is stable under = G^. Hence GX is closed, hence an 
orbit closure Yq, in X. Choose a closed orbit Gz in Yq. The orbits of X which contain 
Gz in its closure correspond precisely to the T-orbits in the slice A. It follows from (4.8) 

that this way Yq corresponds to A which shows Cy^ = C(A), as claimed. 

The two equivalences follow easily: we have X^ (lY ^ if and only if y C GX^ = Yq 
if an only if Cy 3 C(A) and C F if and only if % = GX^ C Y if and only if 

C(A) D Cy. □ 



Next we compute the colors of X . Let D C X be a color and let Dq be its restriction to 
the open G'*'-orbit. Then 7r^^{Do) is irreducible by Lemma 4.2. Hence its closure D* C X 
is a -B-stable prime divisor. 

4.9. Proposition. Let A and X be as above. 

a) LetaeS^ := S{G^) = S f] and let D be a color ofX^. Then 

i) a has the same type for X^ as it has for X , 
a) 5d is the restriction of 6d* to Eq{X^) C Eq{X), and 

Hi) D is moved by a if and only if D* is moved by a. In that case qD,a = ciD*,a- 

b) The map D i— > D* is a bijection between the set of colors of X^ and the set of 
colors of X which are moved by some a ^ S^. 



Proof. The first part of Hi) follows from P^ C Gx and the equivariance of ttx- Then b) 

is an immediate consequence. For ii) recall that ti^^{Dq) is even a reduced divisor by 

Lemma 4.2. Thus, VD*{'^\f) = vnif) for all / G k{X^). Moreover, it shows that there is 
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a digaram where the middle square in 



D* 



tX 



i 



I 



(4.12) 



Pa X^Z^o 



1 



is cartesian and the injections are open embeddings. It follows that (pD,a and (pD*,a have 
the same inseparable degree, showing the second part of in). Both morphisms also have 
the same separable degree (1 or 2). Thus, a is of type (2a) for if and only if it is of 
type (2a) for X, proving part of i). The other types (p), (6), and (a) are distinguished by 
the number of colors (0, 1, and 2, respectively) moved by a. Thus, the rest of i) follows 
from Hi). □ 

5. The interrelation of roots and colors 

In practice, the 1-parameter subgroup A has to be chosen diligently. 

5.1. Lemma. Let X be a complete toroidal spherical G-variety and S' C S . Then there 
is a 1-parameter subgroup X such that 



b) the connected center of acts trivially on X^. 

Proof. Let F C Nq{T) be the open face of the Weyl chamber defined by a = for all 
a G S" and a > for a E S \ S' . Then A G F is equivalent to (such A are called 
adapted to S'). 

Now consider the projection vr : Nq{T) -» Nq{X). Since tt{F) C V(X), the fan J-" 
associated to X induces a complete fan J-"' on tt{F). Let F^ := F \ IJ^^^(^) where C 
runs through all C E J^' with dimC < dim7r(F) which is obviously a dense open subset 
of F. We claim that A G -F" ensures the second property b). 

Indeed, 7r(A) lies by construction in the relative interior of a maximal dimensional cone 
C of J-"'. This implies that vr(F) C L' where L' is the span of C. Now let C G J-" be 
minimal with C C C. Then 7r(A) is also in the relative interior of C. Thus, the subspace 
L spanned by C contains tt{F). Hence {F)q C tt^^{L) which implies b). □ 

If the fan is changed one can do better. 

5.2. Lemma. Let Xq be a homogeneous spherical G-variety and S' C S . Then there is 
a 1-parameter subgroup A and a toroidal compactification X of Xq such that 



a) S{G^) = S' and 



a) S{G^) = S' and 

b) Eq{X') = {m')h- 
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Proof. Same construction as above but this time we choose J-" such that dim C is as large 
as possible, i.e., the dimension of the smallest face of V which contains C. This means 
precisely b). □ 

Remark. A rather trivial application of the last lemma is when S' = S. Then has 
the same roots and colors as Xq but Sq(X^) is spanned by 

Following Luna [Lun97], an important application of this technique is: 

5.3. Proposition. Let a E S he a simple root. 
Ifp^2 then 

a) a E S(X) if and only if a is of type (a). Thus S^""^ = 5*1"! S(X). 

b) 2aE if and only if a is of type (2a). Thus S^"^"^ = Sn 
If p = 2 then 

c) aeT.{X) if and only if a is of type (a) or (2a). Thus S^"-^ U S^"^"-^ = ^ n S(X). 

Proof. Without loss of generality we may replace X by a toroidal compactification of its 
open G-orbit. The corresponding fan is denoted by J-". Choose A as in Lemma 5.1 with 
S' := {«}. Then acts on X^ only via a semisimple quotient Gq of rank L Let Gq/Hq 
be the open Go-orbit in X^. 

Assume first p ^ 2. Then a G S^'^^X) iff a e S^'^^X^) iff H'^""^ ~ To iff a G S(X^) iff 
a G S(X). This proves a). 

The argument for b) is analogous with Tq replaced by N{To). Finally, for p = 2 we argue 
with S(Go/To) = S(Go/X(To)) = {a}. □ 

Remarks. 1. The proposition shows that in case p ^ 2 the type of the simple roots can 
be recovered from S**-^^ and S(X) as follows: 

' (p) if a G 5(f) 
(a) if a G S(X) 
(2a) if 2a G S(X) 
^ [b) otherwise 

This way, all colors can be recovered but some might appear multiple times (see Lemma 2.5). 
For colors of type (6), that behavior is controlled by S(X), as well (see the following 
Proposition 5.4). 

2. For p = 2 and a G S'^^'^-* it is tempting to define the corresponding spherical root to be 
2a instead of a. This would make parts a) and b) of Proposition 5.3 work uniformly in 
all characteristics. We opted against this procedure. The main reason is that otherwise 
spherical roots would not be roots (possibly not simple) of some root system. Example: 
For p = 2 and X = SL(3)/SO(3) the two roots are ai and ai + a2 (see [Schll]) which are 
visibly contained in an A2-root system. On the other hand, the root ai is of type (2a) 
and the set {2ai, 01 + 02} is not part of any root system. 

5.4. Proposition. . 

For two distinct simple roots ai,a2 G are equivalent: 



(5.1) a G S' is of type < 



a) ai and a2 move the same color D. 
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b) ai and are orthogonal to each other and giOi + g2«2 ^ ^(^) f'^i" t'^o p-powers 
qi,q2 (one of which is necessarily equal to 1). 

In this case 



(5.2) q^ ^al = q^ ^a^. 

Moreover, D is not moved by any other simple root. 

Proof. Again replace X by a toroidal compactification and choose A as in Lemma 5.1 
with S' = {ai, 02}. Now acts on via a semisimple group Go of rank 2. The simple 
roots of Go are ai and 02, and both are of type (6) with respect to X^. 

Assume first b). Then Go is of type AiAi. An easy inspection of its subgroups shows 
that has a spherical root of the given form if and only if its open orbit is isogenous 
to SL(2) X SL(2)/(F,j x FgJSL(2) (with Fg=Frobenius morphism of SL(2)). In that case 
one checks that a) holds for X^ and therefore for X. 

Conversely assume a). Then X^ has precisely one color D which is moved by both simple 
roots. Thus, (2.13) implies that a relation like (5.2) holds. In particular, the rank of X^ 
is 1. 

Now one could use the classification of spherical varieties of rank < 1 in [Knol3] and 
conclude that Go is of type AiAi having a root of the given form. A selfcontained 
argument goes as follows. We may assume that X = G/H is homogeneous where H 
is reduced and connected. The color and the halfline V{X) lie opposite to each other. 
By [Kno91, Thm. 6.7] the variety X is affine, thus H is reductive. Since there is only 
one color, formula (2.2) implies that H is semisimple. Moreover, the dimension formula 
[Kno91, Thm. 6.6] shows that dimiJ = 3,4,5,7 for G = AiAi, A2, B2, G2, respectively. 
This shows that G is isogenous to SL(2) x SL(2) and that H = SL(2) is embedded 
diagonally using the Frobenius morphisms. The assertion b ) follows. 

Formula (5.2) follows immediately from (2.13). Finally, assume & S moves D, as well. 
Then G S^''^ (Lemma 2.5). Thus, by the above, 03 would be orthogonal to ai and 02. 
Moreover, q[ai + q^as G S(X) for some p-powers q[, q^. Now equation (5.2) imphes the 
contradiction 

(5.3) 2q[q^^ = {q[ai + 53^3, gf^ai ) = {q[ai + ^3^3, g^^ftg ) = 0- 

□ 

6. Localization at S 

Localization at S allows one to pass from S" to a subset. There is a second, older, 
kind of localization which does the same thing with S(X). Geometrically, it simply 
corresponds to looking at an orbit in a carefully chosen toroidal embedding. The next 
result summarizes what was already known about localization at S: 

6.1. Proposition. Let X be a toroidal spherical variety and letY(lX be an orbit. Put 
L := (Cy)^ C Hq(X). Then 

a) Hp(r) = Sp(X)nL. 
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b) S(F) = S(X) nL. 

c) S^f\Y) = 5(P)(X). 



Proof. Part a) follows e.g. from [Kno91, Thin. 1.3]. Moreover, V(Y) = (V(X) + L)/L 
where L = {C)q (follows from [Kno93, Satz 7.4]) which implies b). Part c) follows for 
example from the fact that all closed orbits in any toroidal compactification of X are of 
the form G/Q with Q'^'^'^ = 'P where P is the parabolic corresponding to S^^\ □ 

If p 7^ 2, then the remark after Proposition 5.3 allows now to determine the type of a 
simple root for Y. 

(6.1) S'^P\Y) = S^P\X) 

(6.2) S'-^\Y) = s(")(x)nL 

(6.3) 5(2") (F) = S^^''\X)nL 

(6.4) S^'\Y) = S'~'\X)U{S'~''^{X)\L)U{S'^^^\X)\L) 

For p = 2 equations (6.2) and (6.3) have to be replaced by the weaker equality 

(6.5) (Y) U S^^'*) (F) = (S^'^) (X) n L) U (5(2") (X) n L) 
The next lemma shows (in particular) that moreover 

(6.6) 5('")(r) cs(2")(x)nL 

6.2. Lemma. Let X and Y be as above and let a & S (1 L be of type (a) for X. Then 
a is also of type (a) for Y. Moreover, let D be a color of X which is moved by a. Then 
E = {D n Yy^'^ is a color of Y which is moved by a and there is a p-power q such that 
5e is the restriction of qSn to EpiY). 

Proof. We plan to use localization at S but face the problem that Cy may not meet 
Xq (X), the image of the antidominant Weyl chamber in Nq{X). To bypass this problem, 

we go one dimension up: the group G := G x Gm acts on X° := X x Gm- Then 
Xq(X°) = Xq(X) © Q and V(X°) = V(X) x Q. Now choose any vq in the relative 
interior of X-(X) n {a = 0} C V(X) and put C := (C x 0) + Q>o(t^o, !)• Choose any fan 
J-" whose support is V(X ) and which contains C. This gives rise to a toroidal G-variety 
X. Moreover, X contains Y x Gm since Cy is a face of C. Its closure is denoted by Y. 

Now choose any v E small enough such that f + f o is still in the relative interior of 
X~(X) n {a = 0} and choose a G Z>o such that vi := a{v + Vq, 1) is the image of a 

1-parameter subgroup A of G. Then, by construction, = {a} and G is of semisimple 

rank 1. Moreover, X is contained in Y by Proposition 4.8. Thus, we get a diagram 









Xx 


(6.7) 












• x' = 


X^ 



where Y is the normalization of Y and where the vertical arrows represent Bialynicki- 

Birula contractions on the open cell. By Proposition 4.9, the type of a on X is (a). This 

means that the open G -orbit in X is of the form G /Hq where Hq'^'^ is a subgroup of 
the maximal torus. 

15 



Now we argue that v is completely inseparable. Indeed, the open orbit in is G /Hi 
with Hf"^ C H^'^ C T . This already shows that a is of type (a) for F, hence for Y and 
Y . Since both H^'^ and ifg'^'^ are linearly reductive abelian groups we have 

(6.8) [H-" : i/r1 = [^piX') ■■ 
On the other hand 

(6.9) S,(F^) = H,(F) = Hp(F) = H,(X) n I = H,(X') 

where L := (C). This shows that v is generically injective and therefore completely 
inseparable. 

The color D gives rise to the color D x Gm of X. Its image Dq in X'^ is a color of 
X . Now -Eq = v'^iD^y^'^ is a color of Y^. Clearly v^^{Dq) = qEq for some p-power 
q. Finally, the closure of {7rx)~^{EQ) is a color of Y which is of the form E x where 
E = {Dn Yf'^. 

Recall L= (C)^. Then 

(6.10) I={(x,-t;o(x) UeL} = L 

and Eq(X) = Eq{X) © Q, Eq(Y) = L © Q, and Sq(X^). Thus for x e Sq(X): 

(6.11) 6d{x) = 5dxg,„(x,0) = SdxgAx,-Mx)) = Sdo{x,-Mx)) 
and similarly 6e{x) = ^Eo{Xj ~'^o(x)) for all x G L. Thus for x G L: 

(6.12) 5d(x) = 5do(x, -^o(x)) = q^Eoix, -Mx)) = Q^Eix)- 

□ 

Remark. With these results it is possible to recover all colors of Y and which color is 
being moved by which root. In characteristic zero this is good enough to compute the 
entire spherical system of Y. In positive characteristic we are missing information on the 
degrees qn^a of Y, though. We plan to return to this question in the future. 

Localization at S is, a priori, not possible for all subsets of S(X). Therefore, we define: 

6.3. Definition. A subset S' of S(X) is called a set of neighbors if there is f G V(X) 
such that 

(6.13) S' = {a G S(X) | v{a) = 0}. 

Equivalently, S' is a set of neighbors if Q>oS' is a face of Q>oS(X). Two spherical roots 
a and /3 are called neighbors if they are distinct and if is a set of neighbors. 

Clearly, if S(X) is linearly independent then all subsets are sets of neighbors. This is 
always the case if p 7^ 2 (see [Bri90] for char k = and [Knol3, Corollary 4.8] for the 
general case). For p = 2 and X = SL{4:)/ S0{4:), Schalke has shown (unpublished) that 
S(X) = + 0:2,0:2 + C(3,a3}. Since Oi + (02 + 03) = (oi + 02) + 03, the pairs 

(oi,02 + 03) and (oi + 02,03) are not neighbors. In fact, V{X) is the cone over a 
quadrangle and the given pairs correspond to opposite faces. 

6.4. Lemma. //o,/3 G S(X) are multiples of simple roots then they are neighbors. 

Proof. The set Q>oo + Q>o/3 is already a face of Q>o>S' and therefore also for the smaller 
cone Q>oS(X). □ 
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We conclude this paper by proving the following important non-positivity result (see also 
the remarks after its proof): 

6.5. Proposition. Let D G A(X)'^"^ be moved by a E S^"""^ and let a E be a neighbor 

of a with 5z)(cr) > 0. Then a E S^""^ and D is moved by a, as well. 

Proof. We first reduce to the case that X is of rank 2 with S = {a, a}. Because a and 
a are neighbors one can choose a pointed cone C inside V(X) fl {a = cr = 0} which is of 
codimension 2 in Nq{X). Let X be the simple embedding corresponding to C and let Y be 
its closed orbit. Then Proposition 6.1 implies = {a, a}. Moreover, using the remark 
after Lemma 5.2 there is Y' with S(y) = {a, a}, as well, and ikY' = 2. Moreover, 
Lemma 6.2 implies that Y' still has a color E moved by a with 5£;(cr) = qSnicr) > 0. 
Let's assume that we can prove that a E S^"'\Y') and that E is moved by a. Clearly, D 
is moved by a in X, as well. Moreover, since a E E(X), either a E S'-''\X) or p = 2 and 
a E S'*^^"^(X). But the latter case can't happen since then D could not be moved by any 
other simple root (Lemma 2.5). So a G S^°'\X), which finishes the reduction step. 

From now on we assume rkX = 2 and, without loss of generality, that X = G/H where H 
is reduced. Since, Snio') > by assumption and 5z)(a) = qc^a > 0, the cone generated by 
V{X) and 6d is the entire space Niq{X). From that we get a morphism X = G/H G/P 
with rankG/P = dim N/N = ([Kno91, 4.6] )^ Hence P is a parabolic subgroup with 
an identification A{G/P) = A{G/H) \ {D}. We may choose P in such a way that it is 
opposite to B. 

Every /3 G S\S^p^ moves at least one color and a moves even two. Assume first that these 
colors are not all different. Then, according to Lemma 2.5 and Proposition 5.4 there are 
two possibilities: 

a) a = ai + qa2 with ai, ^2 ^ S orthogonal. But then ai and a2 would move the same 
color in G/P which is impossible. 

b) S^"''' contains another element (3 besides a. But then (3 E S(X) (Proposition 5.3), 
hence a = (3 E 8^°"^ Moreover, there is a color D' moved by both a and a. We claim that 
D' = D. Suppose not. Then D and D' are the two colors moved by a and Proposition 2.3 
implies the contradiction 

(6.14) 5^^\a) = {a, a") - 5^;^} {a) = {a, a") - ^4^? (a) = (a, a^) _ ^ < q. 

Thus, we are exactly in the asserted situation, i.e., a E S^""^ moving D. 

So, assume from now on that the colors moved by all the /3 E S\ S^^^ are different. Then 

(6.15) #A(G'/P) > 

Consider a toroidal completion X of X such that the morphism X ^ G/P extends to 
X. Every closed orbit in X is isogenous to G/~Px where Px is the parabolic attached to 
^(P). Hence Px C P""""^. Thus (6.15) implies P = Px- 

Let Y = G/Hi C X be the rank-l-orbit corresponding to the halfline V(X) fl {a = 0}. 
Then S(F) = {a}. Because of P = Px, the fiber Px/H^i'^ is one- dimensional and 
therefore isomorphic to P^, G^, or A^. The first case is impossible since Hi is not 
parabolic. The second case is excluded since Hi is not horospherical. Thus Px/H^^'^ = 



The idea for this construction is due to Guido Pezzini. 
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This means in particular that (a conjugate of) Hi contains the maximal torus T of G and 
that Hi contains all root subgroups Uj^ which are contained in Px except for one, which is 
denoted by 7, and which lies in P^- The Up corresponding to /3 G S" generate the maximal 
unipotent subgroup of G. This implies 7 G 5*. Moreover is a 1-dimensional module for 
the Levi part of Px- This shows that H^^"^ is, in fact, induced from PGL(2)/Gm- Hence 
a G S^°'\ But in that case (6.15) would be a strict inequality which is not true because 
of P = Px. □ 

Proposition 6.5 is important gives precise bounds for 

6.6. Corollary. With a and a as above, assume that a ^ S or that a E S but does not 
move either color moved by a. Then 

(6.16) <5^(^) <0. 

Proof. Apply Proposition 6.5 to the other color D' moved by a. Then the left inequality 
in (6.16) follows from 6^^) = a''' — 6^^\ □ 

In positive characteristic, these bounds are less valuable since we didn't derive a bound 
on the denominator of 5d(o")- Such a bound exists (in terms of the qD,as) and will be 
included in a future paper. Then (6.16) leaves only finitely many possibilities for (5_d(c")- 

7. The p-spherical system 

We summarize what we have proved so far in terms of a combinatorial structure which 
generalizes Luna's spherical systems. But first, we need some more terminology: 

7.1. Definition. Let G be a connected reductive group. 

a) An element a G S(q(T) is called a spherical root for G if there is a spherical G- 
variety X such that a is a spherical root for X. The set of spherical roots for G 
is denoted by T,{G). 

b) A spherical root a G S(G) is compatible to a subset S^^^ C 5* if there is a spherical 
G- variety X with a G E(X) and ^(p) = S^p\X). 

Remarks. 1. Proposition 6.1 shows that in the definition above one may assume without 
loss of generality rk X = 1 . 

2. Spherical varieties of rank 1 have been classified by Akhiezer [Akh83] in characteristic 
zero and [Knol3] in general. In particular, for every G there is a complete description of 
E(G) (see [Knol3, §2 and §7]). 

3. One result of that classification is that S(G) is infinite unless char /c = or G is simple 
of rank < 2. 

For the following recall that Zp = Z[i] and Sp := S Zp for any abelian group S. 

7.2. Definition. Let p ^ 2. Then a p-spherical system for G consists of 

• a subgroup H C S(T), 

• a subset S C Hp fl S(G), 

• a subset S^p^ C S, 
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• a finite set A^'^\ 

• a map 5 : A^"-^ — > Hom(S, Z) : D 5d, and 

• a map 

Of course, tfiese data are subject to some conditions. Here, we list only tliose wliicli are 
straiglitforward generalizations of Luna's axioms. It is safe to say that more axioms liave 
to be imposed which deal specifically with issues of positive characteristic. We keep the 
notation that denotes the restriction of a"^ to S. 

Al All cr G S are primitive vectors of ZS fl Hp. 

A2 a'' = for all a e S^p\ 

A3 Every cr G S is compatible to S^p\ 

A4 For all D G A^") and G S \ holds 6d{(t) < 0. 

A5 For every a G there are exactly two D G A*^") with Snia) > 0. Conversely, 
for every D E A^"-^ there is at least one a G with 6D{a) > 0. 

A6 For a G S^^^ let D+ ^ E A^") with So^ia) > 0. Then g«,^± := 5z?±(a)-i G 
and qa,D+SD+ + qa,D-SD- = oJ'- 

A7 Let a E S with 2a E S. Then a ^ Sp and C Zp. Moreover, a^i^a) < 

for all a G S \ {2a}. 

A8 Let qai + a2 E T, with ai ± a2- Then q~^al = and q~^qai = Q'o2- 

The point is, of course, that for p ^ 2 every homogeneous spherical variety X gives rise 
to a p-spherical system. More specifically we put 

(7.1) S := S(X), S := S(X), ^(^^ := S'^''\X), A^^^ := A^^XX), 5d := S^. 

The only new constituents are the p-powers. For a E S \ (S**-^^ U S^""^) = S^''^ U S^"^""^ we 
define as gQ,,D from Proposition 2.3 where D is the unique color moved by a. 

Now we verify all axioms. 

Al Holds by definition of 

A2 See Proposition 2.3. 

A3 Follows from the definition of "compatibility" . 

A4 This is Proposition 6.5 in conjunction with [Knol3, Corollary 4.8] which implies 
that for p ^ 2 any two spherical roots are neighbors. 

A5 The first part follows also from Proposition 6.5 and (2.5). The second part holds 
by definition of A(")(X). 

A6 This is Proposition 2.3. 

A7 The first part is Proposition 5.3b) and Corollary 2.4. The second follows from 
[Knol3, Theorem 4.5]. 

AS This is Proposition 5.4 and Proposition 2.3. 
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Remarks. 1. In characteristic 0, Luna (see [LunOl, 5.1]) used Wasserman's tables 
[Was96] of spherical rank-2-varieties to verify the axioms. So our approach is more 
conceptual in that it uses only the classification of rank-1- but not of rank-2-varieties^. 

2. The case p = 2 requires some modifications. To distinguish simple roots of type (a) 
and (2a) we redefine S^""^ as 

(7.2) ^('^^ := {a e 5 n S I 5z3(a) > for some D e A^"^)} 

This works indeed for spherical systems coming from spherical varieties: Suppose there 
is a e S^'^"'\X) and D e A^"") with 5D{a) > 0. Then D is moved by some /3 G S^'^K Since 
a and /3 are neighbors (Lemma 6.4) we get a contradiction to Proposition 6.5. 

With this change all axioms hold for p = 2 except for one: in A4 one has to require that 
a and a are neighbors. Observe that A7 is vacuously satisfied. 

3. It is a natural question whether spherical varieties are classified by their p-spherical 
system. In characteristic zero, the answer is "yes" according to work by Luna [LunOl], 
Losev [Los09], Cupit-Foutou [CF09], and Bravi-Pezzini [BPll]. For p 7^ 2 or 3, it might 
be possible that the p-spherical system determines the variety uniquely. For example, 
all complete homogeneous varieties are classified by p-spherical systems with S = (see 
Wenzel [Wen94]). Furthermore, the author convinced himself that this also holds for 
spherical varieties of rank 1. Ifp = 2orp = 3 then uniqueness does not even hold for 
complete homogeneous varieties (see [Wen94, Prop. 4]) due to exceptional isogenies. If 
p = 2 then uniqueness is wrong already for G = SL(2) as then G contains non-standard 
horospherical subgroup schemes (see [Kno95b]). 

4. The above list of axioms A1-A8 is definitely only preliminary. Even in the rank-l-case 
they do not suffice. For example, there is no axiom bounding the lattice S from below. 
We plan to return to this problem in the future. 
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